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Abstract 

We consider a parallelizable 2n-manifold F which has the homo- 
topy type of the wedge product of n-spheres and show that the group of 
pseudo-isotopy classes of orientation preserving diffeomorphisms that 
keep the boundary dF pointwise fixed and induce the trivial variation 
operator is a central extension of the group of all homotopy {2n + 1)- 
spheres by Hn{F; STTn{SO{n))) . Then we apply this result to study 
the periodicity properties of branched cyclic covers of manifolds with 
simple open book decompositions and extend the previous results of 
Durfee, Kauffman and Stevens to dimensions 7 and 15. 
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1 Introduction and the Results 

An open book decomposition of a manifold M™"*"^ is a presentation of this 
manifold as the union of the mapping torus and the product OF x along 
the boundary OF x 5*^, where (p : — > F'"^ is an orientation preserving 
diffeomorphism which fixes the boundary dF pointwise. Open book struc- 
tures have been used in the study of various topological problems (for short 
historical overviews see §2 of |23j or Appendix by E. Winkelnkemper in [21]), 
and in particular in the study of the isolated complex hypersurface singular- 
ities. Let / : (C""'"^,0) — > (C, 0) be a polynomial mapping with the only 
singular point at the origin and with zero locus V = {z & C"'~^^\f{z) = 0}. 
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Consider the intersection of V with a small sphere centered at the origin 
K -.= ¥(1 S'2"+^ J. Milnor has shown in gOj that the mapping 

Hz):=fiz)/\fiz)\ Sr^'\K^S' 

is the projection map of a smooth fibration such that the fiber F := $^^(1) is 
a smooth (n — l)-connected parallelizable 2n-manifold homotopically equiv- 
alent to the wedge product of n-spheres and dF = K is {n — 2)-connected. 
This gives the open book structure to the sphere 

Such an open book decomposition of S'^"''^^ is called a simple fibered knot 
and the periodicity, in k, of the fc-fold cyclic covers of S^^~^^ branched along 
K has been studied by A. Durfee and L. Kauffman in jH]. Later, J. Stevens 
(see jSU], Theorem 7 and Proposition 8) generalized Theorems 4.5 and 5.3 
of |H] to a wider class of manifolds with simple open book decompositions 
M2n+i = i^Qp X D"^) (an open book M^'^+i is called simple if both M 
and F are {n — l)-connected and M bounds a parallelizable manifold). 

Theorem I (Stevens). Let Mk denote the k-fold cyclic cover of M'^^^^ 
branched along dF and n 1,3 or 7 odd. If Va.i^ip'^) = 0, then and M^^d 
are (orientation preserving) homeomorphic, while and M^-k, k < d are 
orientation reversing homeomorphic. Furthermore, M^+d is difjeomorphic to 
(arf/8)S # Mk. 

Here ak is the signature of a parallelizable manifold A^^ with the bound- 
ary dNk = Mk, and S is the generator of the finite cyclic group 6P2n+2 
of homotopy (2n + l)-spheres that bound parallelizable manifolds. Var(/i) 
denotes the variation homomorphism of a diffeomorphism h : F — > F, 
which keeps the boundary dF pointwise fixed, and defined as follows. Let 
[z] G Hn{F,dF) be the homology class of a relative cycle z, then we define 
Var(/i) : Hn{F, OF) — > Hn{F) by the formula Yai{h)[z\ := [h{z) - z] (cf. §1 
of [201 or §1-1 of >J)- 

Stevens also proved topological as well as smooth periodicity for n even 
(see jHD], Theorem 9): 

Theorem II. If for branched cyclic covers Mk of a (2n + l)-manifold 
M with simple open book decomposition Va.T{ip'^) = 0, then Mk and Mk+2d 
are homeomorphic and Mk and Mk+u ore difjeomorphic. Moreover, if n = 
2 or 6, then Mk and Mk+d ore difjeomorphic. 
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Both of the papers viewed the open book M^""*"^ as the boundary of a 
{2n + 2)-manifold and used results of CT.C Wall [SI], on classification of 
(n — l)-connected (2n + l)-manifolds. Here, in the third section, we are 
dealing with the same periodicity problems from a different point of view 
which is based on results of M. Kreck [in] on the group of isotopy classes 
of diffeomorphisms of {n — l)-connected almost-parallelizable 2?t,- manifolds. 
We give here different proofs of these two theorems of Stevens including the 
cases n = 3 and n = 7 (see Corollaries 2, 3, and 4 below). 

As we have just mentioned, our approach is based on the results of Kreck 
who has computed the group of isotopy classes of diffeomorphisms of closed 
(n — l)-connected almost-parallelizable 2n-manifolds in terms of exact se- 
quences. In the first part of this paper we use these results to obtain a 
similar exact sequence for the diffeomorphisms / of a parallelizable handle- 
body F G H{2n, fi,n), n > 2, that preserve the boundary dF pointwise 
and induce the trivial variation operator Var(f) : H^:{F,dF) — > H^{F). We 
will denote the group of pseudo-isotopy classes of such diffeomorphisms by 
Tfo^Diff (F, (9) and prove the following 

Theorem 3. If n > 3 then the following sequence is exact 
Q2n+i 7fol^Diff(F,9) ^ Hom(/7„(F,9F), 57r„(50(n))) 
Ifn = 2 then ifoV'Diff (F, 5) = 0. 

Here, by STin{SO{n)) we mean the image of Tin{SO{n)) in 7r„(S'0(n + 1)) 
under the natural inclusion SO{n) ^ SO{n + 1) and by 62^+1 the group of 
all homotopy (2n + l)-spheres (see §2.2 for the details). 

Remark : Recently D. Crowley [Z] extended results of D. Wilkins on the 
classification of closed {n — l)-connected (2n + l)-manifolds, n = 3, 7. One 
could use these results together with the technique of Durfee, KaufFman and 
Stevens to complete the periodicity theorems for n = 3,7. However our 
intention was to show how one can apply the higher dimensional analogs of 
the mapping class group in studying this kind of problem. 

At the end we briefly mention the cyclic coverings of branched along 
the trefoil knot as an example which shows that there is no topological peri- 
odicity in the case n = 1. 

Let -F be a manifold with boundary dF and consider two diffeomorphisms 
(p, ip oi F that are identities on the boundary (in this paper we consider only 
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orientation preserving diffeomorphisms) . As usual, two such diffeomorphisms 
are called pseudo-isotopic relative to the boundary ii there is a diffeomorphism 
Ti. : F X I — > F X I which satisfies the following properties: 

1) ^|fx{o} = V', 2) H\fx{i} = ^, 3) H\dFxi = id 

We will denote the group of pseudo-isotopy classes of such diffeomorphisms by 
7foDiff(-^5 rel d). The group of pseudo-isotopy classes of orientation preserv- 
ing diffeomorphisms on a closed manifold M will be denoted by 7foDiff(^)- 
There is a deep result of J. Cerf which allows one to replace pseudo-isotopy 
by isotopy provided that the manifold is simply connected and of dimension 
at least six. All our manifolds are simply connected here, so n = 2 is the only 
case when we actually use pseudo-isotopy. For all other n > 3 we will use 
the same notations (where tilde ~ stands for "pseudo") but mean the usual 
isotopy. We will call these groups the mapping class groups. 

If M is embedded into W as a. submanifold, then the normal bundle of 
M inW will be denoted by i/(M; W). Integer coefficients are understood for 
all homology and cohomology groups, unless otherwise stated, and symbols 
~ and = are used to denote diffeomorphism and isomorphism respectively. 

Acknowledgement: We thank the referee for helpful comments and sugges- 
tions. The second author also would like to express his gratitude to Professors 
Matthias Kreck and Anatoly Libgober for stimulating discussions during the 
preparation of this paper. 



2 Kernel of the variation operator 
2.1 Double of a pair (X,A) 

Let (X, A) be a pair of CW complexes, and consider the pair {XxI,AxI) 
(here and later I = [0, 1], and we denote the boundary of / by dl). 

Definition 1. The subspace {X x dl) U {A x I) of X x I will be called the 
double of the pair {X, A), and denoted by T>_aX . 

We will denote the pair (X x {0},y4 x {0}) by {Xq.Aq), the product 
y4 X / by Aj^ and the union (X x {1}) U A^ by X+. Thus we can write 
Vj^X = Xo U X+ and Xq n X+ = A x {0}. 
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Remark : If we take the pair (X, A) to be a manifold with the boundary, 
then the double T>j\^X will be the boundary of the product X x I, which is a 
closed manifold with the canonically defined smooth structure (see In 
this case we will denote the double simply by T>X. 

Now we construct a natural homomorphism : A) — > if^,(T'^X). 

Consider the reduced suspensions of X and A (the common base point is 
chosen outside of X) and the induced isomorphism between H^{X,A) and 
H^:^i{TiX'^ , Sy4+). The excision property induces a natural isomorphism be- 
tween i7=K+i(SX"'", EA"^) and if*+i(Xx J, r'_4X), and we define the homomor- 
phism as the composition of these two isomorphisms with the boundary 
map from the exact sequence of the pair (X x /,X>_4X): 

Definition 2. 

:= Vi ° : Hg{X, A) ^ H,+^{X x /, Vj,X) ^ H,{Vj,X) 

The groups if^,(X, A) and if^,(T'_4X, X) are naturally isomorphic and we 
can rewrite the exact sequence of the pair (T'_4X, X) in the following form: 

■ • ■ Hg+,{V^X) ^ //,+i(X, A) ^ Hg{X) h H,{Vj,X) ^ H,{X, A) ■ ■ ■ 

Lemma 1. For each q > 1 the homomorphism dg is a splitting homomor- 
phism of the above exact sequence and we have the following short exact 
sequence that splits: 

^ Hg{X) ^ HgiV^X) ^ H,{X, A) 

Proof. It follows rather easily from our definition of dq that for each g > 1 the 
composition jg o dg is the identity map of the group Hg{X, A). This property 
entails our lemma (cf. |2S1, chap. 5, §1.5). □ 

Let us consider now a homeomorphism / : X — > X which is the identity 
on A, i.e. f{x) = x for all x E A. For such a map the variation homomor- 
phism Var(f) : Hg{X,A) — > Hg{X) is defined for all g > 1 by the formula 
Var(f)[z] := [f{z) — z] for any relative cycle z G Hg{X,A) (cf. §1 of [30j or 
§L1 of P). The map / also induces the map /'-''■' : (X, A) — > (X, A) and a 
map / : P^X — > T>^X defined as follows: 

fix) := ( 'I ^ ^ 

^ ' \ X li X e X+ 
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If we denote the corresponding induced maps in homology by fi^\ 
then we have the following commutative diagram: 

> H,{X) H,{VaX) H,{X,A) > 



/* 



> H,{X) H,{VaX) H,{X,A) > 

Theorem 1. 

// Var(f) = 0, then is the identity map of Hq{V^X) for all q. 

Proof. It follows right from the definition of Var(f ) that f^~ Id = Var(f ) o 
and fi^-' — Id = o Var(f), where l^ : II^{X) — > II^{X, A) is induced by the 
inclusion (X, 0) ^ (cf- §1-1 of [T]). It is also easy to check that the 

homomorphisms /* and dq are connected with the variation homomorphism 
via the formula 

f^odq = dqO Id + iqO Var(f ) 

Hence if Var(f) = 0, then /* = Id, f^^ = Id and f*odq = dqO Id. These 
three identities together with jq o dq = Id imply the statement. □ 

Now we restrict our attention to the case when X is a smooth, simply 
connected manifold of dimension at least four and A = dX is the boundary. 
Let (p G Diff(X, rel d) and ip G Diff(PX) be the extension by the identity 
to the second half of the double. Define the map u : Diff(X, rel d) — > 
Diff(PX) by the formula uj{ip) := if. 

Theorem 2. 

The map uo induces a monomorphism vfoDiff (X, rel d) — > 7roDiff(PX). 

Proof. It is easy to see that u induces a well-defined map of groups of pseudo- 
isotopy classes of diffeomorphisms, i.e., if ip' is pseudo-isotopic relative to the 
boundary to ip then uj{ip') is pseudo-isotopic to uj{ip). It is obvious that for 
any two diffeomorphisms p^ip E DifT(X,rel 9), uj{ip ■ ip) = w{ip) ■ that 
is u induces a homomorphism which we also denote by u. 

To show that uj is actually a monomorphism we use Proposition 1 of Kreck 
(see pn], P- 650 for the details): Let A"^ be a simply- connected manifold with 
m > 5 and h G DiS{dA). h can be extended to a diffeomorphism on A if and 



6 



only if the twisted double A U/j —A bounds a 1-connected manifold B such 
that all relative homotopy groups TTk{B, A) and TTk{B, — A) are zero, where A 
and —A mean the two embeddings of A into the twisted double. Suppose now 
that oj{(p) = (p is pseudo-isotopic to the identity. Then the mapping torus 
T>X(f, is diffeomorphic to the product VX x = d{X x / x 5*^). On the 
other hand we can present VX,^ as the union of X^p and —X x along the 
boundary dX x S^. Since d{X x D'^) = X x 5*^ IJ —dX x D'^ we can paste 
together X x I x and X x along the common sub-manifold X x 5*^ to 
obtain a new manifold W, which cobounds X^ [J —dX x D^. Now note that 
X^ U ~dX X D'^ is diffeomorphic to the twisted double X x / —X x I where 
the diffeomorphism h : d{X x J) — > d{X x I) is defined by the identities: 
h\-^^ = id, and h\-^_^ = (cf. [121, property 1) of W on page 657). The 
theorem of Seifert and Van Kampen entails that 7ri(Vl^) = {!}, and hence 
iTi{W,X X /) = {!}. To show that the other homotopy groups are trivial 
it is enough to show that H^{W,X) = {0} for all * > 2. This can be seen 
from the relative Mayer- Vietoris exact sequence of pairs {X x I x S^,X) 
and {X X D'^,X) where by X we mean a fiber of the product X x S^: 
H^{X X S^,X) ^ H^{X X J X S^,X)®H^{X x D^,X) H^{W,X). Thus 
by Proposition 1 of ^H]; there is a diffeomorphism of X x / to itself that 
gives the required pseudo-isotopy between ip and id. □ 

2.2 TToFDiff (F, 5) as an extension 

We now let F G Ti.{2n, /i, n) be a parallelizable handlebody, that is, a par- 
allelizable manifold which is obtained by gluing fi n-handles to the 2n-disk 
and rounding the corners: 

F = D^" U X D") 

i=l 

We assume here that n > 2. For the classification of handlebodies in general, 
see Obviously F has the homotopy type of the wedge product of n- 

spheres and nonempty boundary dF which is {n — 2)-connected. The Milnor 
fibre of an isolated complex hypersurface singularity is an example of such a 
manifold. 

Let us consider now ip G 7foDiff(F, rel d) and the induced variation ho- 
momorphism Var(y9) : Hn{F,dF) — > Hn{F). This correspondence gives a 
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well defined map 

Var : ^oDiff(F,rel d) — > Hom(i7„(F, if„(F)) 

which is a derivation (1-cocycle) with respect to the natural action of the 
group TfoDiff (F, rel d) on Hom(i7„(F, ^F), (cf. [30j, §2) 

Var(/i o g) = Var(/i) + /i* o Va.T{g) 

This formula implies that the isotopy classes of diffeomorphisms that give 
trivial variation homomorphisms form a subgroup of vfoDiff (F, rel d). 

Definition 3. The subgroup 
noVDiS{F,d) := {/ G vfoDiff (F, rel d) \ Var(/)[z] = 0, V[^] G Hn{F,dF)} 
will be called the kernel of the variation operator. 

In order to describe the algebraic structure of this kernel we will use 
the results of Kreck [12] who has computed the group of isotopy classes of 
diffeomorphisms of closed oriented {n — l)-connected almost-parallelizable 
2?T,-manifolds in terms of exact sequences. First we note that the double of 
our handlebody F is such a manifold. 

Lemma 2. Let F G 7i(2n, /x, ra) be a parallelizable handlebody {n > 2), then 
the double T>F is a closed {n — l)-connected stably-parallelizable 2n-manifold. 

Proof. Since F is simply connected and VF = FoUF+, we have 7ri(PF) = 0. 
Then using the exact homology sequence of the pair (F x /, d{F x /)) it can be 
easily seen that VF is a (n — l)-connected manifold. Since F is parallelizable 
the double will be stably-parallelizable. □ 

Next we recall the result of Kreck ^H]- Let M be a smooth, closed, 
oriented (n — l)-connected almost-parallelizable 2?7,- manifold, n > 2. De- 
note by Aut Hn{M) the group of automorphisms of if„(M, Z) preserving 
the intersection form on M and (for n > 3) commuting with the func- 
tion a : Hn{M) — > 7Tn-i{S0{n)), which is defined as follows. Represent 
X G Hn{M) by an embedded sphere S*" "—>■ M. Then function a assigns to 
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X the classifying map of the corresponding normal bundle. Any diffeomor- 
phism / G Diff(M) induces a map /* which lies in Aut if„(M). This gives a 
homomorphism 

K : 7foDiff(M) Aut Hn{M), [/] ^ /, 

The kernel of k is denoted by 7foS'DifF(M) and to each element / from 
this kernel Kreck assigns a homomorphism if„(M) — > STTniSOln)), where 
S : TTn{SO{n)) — > TTn{SO{n+l)) is induced by the inclusion, in the following 
way. Represent x G Hn{M) by an imbedded sphere <Z M and use an 
isotopy to make = Id. The stable normal bundle //(S") © of this 
sphere in M is trivial and therefore the differential of / gives an element of 
Tin{SO{n + l)). It is easy to see that this element lies in the image of 5*. This 
construction leads to a well defined homomorphism (cf. Lemma 1 of TBI) 

X : 7fo^Diff(M) — > Hom(i7„(M), S-Kn{SO{n))) 



If n = 6 we have S'Kn{SO{n)) = 0, and for all other n > 3 the groups 
S7rn{S0{n)) are given in the following table ([1^1, P- 644): 



n (mod 8) 





1 


2 


3 


4 


5 


6 


7 


S7f4SO{n)) 


Z2 0Z2 


Z2 


Z2 


Z 


Z2 





Z2 


Z 



In particular, when n = 3 (mod 4) the homomorphism xif) can be de- 
fined using the Pontryagin class pn±i{Mf) of the mapping torus Mj: Take a 
diffeomorphism / G 7fo5'Diff(M) and consider the projection 



Ti: Mf — > Mf/ {0} X M = SM+ 

It is clear from the exact sequence of Wang that the map i* : H^{Mf) — > 
if"(M) is surjective (recall that /* = id) and therefore we obtain an isomor- 
phism TT* : H''{M) = /7"+^(EM+) — ^ H^'+^Mf). Next define an element 
p'if) G if"(M) by j9'(/) := Tr*-\pn+i{Mf)). It can be shown (cf. |T3I) that 

the map / 1 — > p'{f) is a homomorphism and C i — (Z ri + 1 (^^)! divides p'{f), 
where as always, Om = 2 if m is odd and = 1 if ^ is even. This defines a 
map 

X' : 7fo5DifT(M) H^{M), with x'if) ■= p'U)/c 
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Remark : These two elements x'if) ^''^^ xif) belong to the isomorphic groups 
Hom(if„(M), 7in{S0)) and Hom(if„(M), Snn{SO{n))) respectively, and 
they are connected through T*{x{f)) = x'if) via the homomorphism 

T* : Hom(i/„(M), Snn{SO{n))) — > Hom(i7„(M), 7r„(50)) 

induced by the natural homomorphism r : UniSO^n + l)) — > 7r„,(5'0(n + 2)). 
For the details the reader is referred to Lemma 2 of [16j. 

If M'^^ bounds a parallelizable manifold and n > 3, then Theorem 2 of 
[TB] gives two short exact sequences: 

— > ^o5Diff(M) — > noBiS{M) ^ Aut if„(M) — > (1) 

— > &2n+i ^ noSDiS{M) ^ Hom(ff„(M), 57r„,(SO(n))) — > (2) 

where the map l is induced by the identification of each homotopy (2n + 1)- 
sphere with the element of the mapping class group vroDiff (D^", rel d). 

If M is a simply connected manifold of dimension 4, Kreck has proved 
that K is a monomorphism (jTHj, Theorem 1). 

Let F G Ti.(2n, /i, n) be a parallelizable handlebody as above, and VF be 
the corresponding double. First assume that n = 2 and ip G vroVDiff (F, 9), 
then it follows from our Theorems 1 and 2 and Theorem 1 of Kreck (THj 
that (f is the trivial element of 7roDiff(PF), and therefore ip is the identity 
of noDiS{F,re\ d). 

Remark : In this case, the handlebody F doesn't have to be parallelizable 
and the kernel of the variation operator TTo^Diff (F, d) will be trivial for any 
simply connected 4- manifold F. 

Next we consider the case when n > 3 and denote the group STTn{SO{n)) by 
G. Recall also that we can assume that VF = F U F^. Since F is {n — 1)- 
connected and the boundary dF is (ri — 2)-connected, the universal coefficient 
theorem together with the cohomology exact sequence of the pair {T>F, F^.) 
and the excision property give us the following short exact sequence: 

^ Hom(i7„(F,(9F), G) ^ Hom(i7„(PF), G) ^ Hom(i7„(F+), G) ^ 

(3) 
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where i : ^ VF, j : {VF, 0) ^ {I^F, F) are inclusions and i* and j* are 
the corresponding induced maps. 

Lemma 3. i*{x{'f)) is the trivial map for any (f G TToDiff (F, rel d). 

Proof. Take any [z] G Hn{F^), then we have i*{x{'f))[A — Since 
Hn{F) = 7r„(F) we can present our n-cycle [z] by an imbedded S'" ^ F+ and 
we can also assume that the normal bundle of such a sphere is contained in 
F+. We have defined (f as the identity on F+ and this implies x(<^)[«*(-2)] = 
as required. □ 

Now we define a homomorphism Xr '■ vro^Diff(-^, d) —>■ Hom(if„(F, dF), G). 
Take any ip G T^oVDiSlF, d) then (p G vfoS'Diff (DF) (recall Theorem 1 above) 
and x{^) ^ Hom(if„(X>F), G). Since i*{x{^)) = there exists unique h G 
Hom(iy„(F,9F), G) such that j*{h) = x(^). 

Definition 4. M^e de/ine i/ie map Xr '■ noVBiS^F, d) Hom(if„(F, dF), G) 
by the formula Xri.^) '■= h. 

It is clear that Xr is a homomorphism. Here we also consider the map 
'•r : 02n+i — ^ vfoDiff (F, rel 9) defined as in (jSj) above: present any ho- 
motopy {2n + l)-sphere S' as the union of two disks via a diffeomorphism 
tjj G ^oDiff('52") = ^oDiff(F'2n^^gi ^) ^ q^^^^ ^Yien take a disk D^n embed- 
ded into int(F) and define the diffeomorphism of F by the formula 



It is obvious that Im(ir) C Trol^Diff (F, d). Now we describe vroV^Diff (F, d) as 
a central extension of the group Q2n+i by H'^{F, dF; G) = Hn{F; G). 

Theorem 3. 

If n = 2 then vfo^Diff (F, d) = 0, and for all n > 3 the following sequence is 
exact 



Q2n+i ^ 7foVDiff(F, d) ^ Hom(i7„(F, dF), G) (4) 



Proof. We have mentioned already that if n = 2, the kernel of the variation 
operator is trivial. Assume now that n > 3. It follows from Theorems 1 





X otherwise 



F 
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and 2 above that the inclusion map uj : Diff(F, rel d) Diff(PF) induces a 
monomorphism : vfoV^Diff (F, 9) 7CQSDiS{VF). Since the composition 
Suj ■ ir coincides with the injective map l from the exact sequence 0, we see 
that our Lr is injective too. It is also clear that Im(tr) C Ker(xi.)- Consider 
now any ip G Ker(xr), then xi.^uii'^')) = j*{Xr{'^)) = 0, where j* is as in Q. 
Thus s^{(p) G Ker(x) = 62n+i — Ini(i) and since is a monomorphism we 
have (p G Im(ti.) as required. 

To prove that Xr is an epimorphism it is enough to show that for a set of 
generators {gi, . . . , gm} of Hom(if„(F, dF), G) the group vro^^Diff (F, d) con- 
tains diffeomorphisms {ipi, . . . , ipm} such that Xr(v^j) = fl'j) j ^ {1; • • • > ""^j- 
Recall that F = D^n y ^^'^^(1)^" x D"") and i/„(F, (9F) = Z'^. We can choose 
the following embedded disks di ^ F, i G {l,...,fj.}, as a basis of this 
homology group: 

di := {0}i X D'' ^ D'l X D"" ^ F 

(here {0}j is the center of the z*^ handle core disk -D"). Take a generator x 
of G and consider the homomorphism g^i : Hn{F, dF) — > G defined by the 
formula 

( OC if Jv — % 

gxi[dk] := I Q /c G 

end extended linearly to the whole group. The set of such homomorphisms 
obviously generates B.om{Hn{F,dF), G). Now we will use an analog of the 
Dehn twist in higher dimensions to construct the diffeomorphism ip^i (cf. 
122], Lemma 12). 

For each disk dk consider the "half-handle" = (|-Dfc) x and notice that 
the closure of the complement to all these "half-handles" in F 

^:=c/(F\[J(iD^)xZ}") 

k=l 

is diffeomorphic to the closed 2n-disk D^", and the intersection of each "half- 
handle" with the boundary df" ~ S^''~^ is S^D^) x D" ~ 5^'^^ x D". We 
take a smooth map ip^ : (-D", 5*"^^) — > {SO{n),id) that sends a neighbor- 
hood of S^~^ to id and represents an element [ipx] G Hn{SO{n)) such that 
5'([v5a;]) = X and define the diffeomorphism ipxi\\ fi n^wn" by the formula 

u ,^ ._ / (V'xls) ot,s) if it,s) G (lA") X 
ip.i[i,s) .- <^ if G X anrf A;^i ^ ' 
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In particular, this gives a diffeomorphism G Diff(9jF) which is defined on 
S^~^ X dT by restricting t to the boundary of (see (0) above) 

and by the identity everywhere else. We will show now that is isotopic to 
the identity. Consider the handlebody 

Fi ■= D'" U (A" X D") = d[F \ y {-DD X D") 

and denote by Fi the manifold obtained from Fi by removing the open disk 
i£)2n. fj~Qjj^ £)2n_ fjg^ce (9Fj ~ (9Fj U 5*^""^. The first equation of (0) together 

with the identity map define a diffeomorphism $ of Fi such that $|52n-i = 
and $|aFi = -^c^- We use the identity again to extend this $ to a diffeomor- 
phism $ of T>Fi where 

VFi := VFi \ ^D^n ~ U and $1,., = Jd, |.|^^ = $ 

Thus is the restriction of $ to the boundary dTDFi = S'^'"'^^ and hence 
can be considered as an element of the inertia group of VFi (cf . ^16j , Propo- 
sition 3). Now it follows from Lemma 2 above and results of Kosinski (|15j. 
see §3) and Wall that is isotopic to the identity. In particular, we 
can use this isotopy on S"^""^ x [\,\] C ^D^^ to extend the diffeomorphism 
(^xily^ ^(iD^)xD" to a diffeomorphism of the whole handlebody F. Denote 
the result of this extension by ipxi- Clearly ip^i G 7roDiff(F, rel d), and we 
leave it to the reader to check that Xri'^xi) = dxi- D 

Corollary 1. We have the following commutative diagram 



1 i 

^ e2n+i ^ noVDiS{F,d) ^ Hom(/7„(F,9F), G) ^ 

1= i if 

^ 02n+i ^ noSDiSiVF) Rom{Hn(VF), G) 

Hom(i/„(F+), G) ^ Hom(i7„(F+), G) 

i i 


where all horizontal and vertical sequences are exact. 
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Proof. The standard diagram chasing procedure is left to the reader. □ 

Example: Consider the case when F = x D^. Then VF = x S^, 
Rom{Hn{F,dF), G) = G = Z, 87 = Z28 and noSDiS{VF) ^ H28, that 
is the factor group of the group Ti. (upper unitriangular 3x3 matrices with 
integer coefficients) modulo the cyclic subgroup 28Z, where Z is the center of 
n (cf. or §1.3 of [ni). Thus noVI)iS{F,d) = S7r3{SO{3)) OO-r ^ ZeZsg 
and the first vertical short exact sequence from the previous corollary can be 
written as follows 

— > S-KsiSOiS)) © 67 — > ^o5Diff(5^ X S^) — > S7T3{S0{3)) — > 0. 

Such exact sequence was obtained by J. Levine ([IB], Theorems 2.4 and 3.3) 
and H. Sato (|2H|, Theorem II) for the group ^o'5Diff(5P x S^). 



3 Manifolds with open book decompositions 
3.1 Periodicity in higher dimensions 

In this section we will apply our exact sequence (jH) to study the periodicity 
of branched cyclic covers of manifolds with open book decompositions. 

Definition 5. We will say that a smooth closed {m+1)- dimensional manifold 
M has an open book decomposition if it is difjeomorphic to the union 

Mc^F^Ur {OF X 

where F is m-dimensional manifold with boundary dF, ip G Diff(F, rel d) 

is an orientation preserving diffeomorphism of F that keeps the boundary 
pointwise fixed, F^ is the mapping torus of ^9 

F^:=Fx[0,l]/(x,0)~(^(x),l) 

and r : dF^ — > dF x is a diffeomorphism that makes the following 
diagram commute 

OF^ F^ 



OF X 
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(herep2 is the projection onto the second factor and vr is the bundle projection 
of the mapping torus onto the base circle). 

Such a union is also called the relative mapping torus with page F and 
binding dF (cf. [23] or jHOI)- When M has dimension (2n+ 1) and F has the 
homotopy type of a n-dimensional CW-complex, it is said that the page is 
almost canonical. The diffeomorphism ip is called the geometric monodromy 
and the induced map y?* : Hn{F) — > Hn{F) is the (algebraic) monodromy. 
If instead of ip we take some positive power of this diffeomorphism, say ip'^, 
we obtain the /c-fold cyclic cover of M, branched along i.e. 

Mk = F^k Ur {dF X D^) 

It was shown in |H] (Theorem 4.5) that if a fibered knot dF is a rational 
homology sphere and ip'^ = id for some d > 0, then the fc-fold cyclic covers 
Mfc of S'^"'''^ branched along dF have the periodic behavior in d. In case of 
the links of isolated complex polynomial singularities these restrictions on 
dF and ip are equivalent to the condition Vai{ip'^) = 0. 

Remarks : 

i) Notice that the conditions ipf = id and dF is a rational homology sphere 
imply that Var^ip^) = 0, but the converse is not true (see jSHl, P- 231). 

ii) Proposition 3.3 of ^T] proves that an open book M^""*"^ with page F and 
monodromy is a homotopy sphere if and only if Va.T{ip) is an isomorphism. 

In addition to the almost canonical page requirement we will need to 
assume more about M (cf. jSO], §3 p. 232), i.e. we assume from now on 
that M has a simple open book decomposition. It implies, in particular, that 
M bounds a simply connected parallelizable manifold. We will also assume 
that n > 3, TTi{dF) = 1 and VaT{ip'^) = for some d > 1 (where ip is 
the diffeomorphism that gives M the open book structure). A parallelizable 
simply connected manifold bounded by M will be denoted by N. 

Before we give proofs of the periodicity theorems (Corollaries 2, 3 and 4 
below) we will first obtain some auxiliary results. It is clear that F is also 
a parallelizable manifold. Take now any z G Hn{F,dF) = TTn{F,dF) and 
choose an embedded disk (-D", dD^) "—>■ {F, dF) that represents this class 
z. Inside of VF = FqU F+ we consider the double VD"" = U D\ ~ 
gn T>F., and since the boundary dD"- = 5*""^ C dF has trivial normal 
bundle in dF we can add to Fq one n-handle along this sphere to obtain the 
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manifold Fq(z) :— Fq U (D" x rf"). As we have done above, we can extend a 
diffeomorphism (/? G Diff (F, rel d) to a diffeomorphism G Diff (^0(2;), rel 9) 
using the identity on x d"". Then we obviously have T>D"^ -^o(^) 
and = <^|fo(^)- 

Lemma 4. T/ie mapping torus F^ of (p is framed if and only if the mapping 
torus Fq[z)^^ of (fz is framed. 

Proof. We will show that any framing of F^^ can be extended to a framing 
of Fq{z)^^. The other direction is trivial. Since (/? is the identity on the 
boundary, we have S'^~^ x ^ dF^ = (dF) x S^, where 5"""^ is the 
boundary of our relative homology class z. We can assume that F has a 
collar dF x [0, 1] and (f is the identity map on this collar. Now we have 
]jn ^ ^ ]j (^Qp X i^Q^ j^j-j QT^f^ ^jgj^ theorem to change ip 

by an isotopy to a diffeomorphism (/?' such that </?'|D2n = v^'I^fxi = id and 
D"" C int(D2n) ^ FU(9F x [0, |]). Then clearly F^, ~ and D'^xS^ ^ F^, 
with the trivial normal bundle. Furthermore since S*""^ x [0, 1] ^ dF x 
[0, 1] with trivial normal bundle too, we can connect dD^ x F^i with 

^n-i X 51 {dF xl)xS^ = d{F^>), using the collar x [0, 1]) x S\ 

This imphes that the trivial normal bundle of S'^~^ x in d{F^) comes 
from the trivial normal bundle of x embedded into F^. Now notice 
that the mapping torus Fq{z)^ is the union of F^ and x X along 
S"'~^ X d"' X "—^ d{F^p). Therefore the restriction of the framing of F^ to 
X d'' X = (aD") X d'' X (where x x ^ F^) can be 
extended to a framing of ^0(2;)^^. □ 

Theorem 4. (n is odd, ^ I) 

Suppose [^] G Tfo^Diffl-f", d) and M^"+^ ~ F^ {dF x D"^) bounds a paral- 
lelizable manifold N . Then Xr{ip) = 0. 

Proof. It is enough to show that Xr{'^)[A — arbitrary relative ho- 

mology class z G Hn{F,dF). As we just did above, we represent such 
a class by an embedded disk {D"-, dD"-) ^ (F, dF) and take the double 
VD^ — ^ VF. We will denote this double by dz {to avoid cumbersome 
notations we denote by dz both the homology class and the embedded sphere 
VD^ that represents this class) and its normal bundle in VF by v{dz] VF) 
respectively. Note that u{dz; VF) is trivial. The proof now splits into two 
parts. 
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1) 72 > 5: It is clear that ipz^ = id on Hn{FQ{z)) and we can isotope ipz 
to a diffeomorphism ip'^ such that ip'J^dz = id (see [10] )• Extending this new 
diffeomorphism by the identity to the diffeomorphism ip' G Diff(T'F) we ob- 
tain an element of vroS'Diff ("DF) which pointwise fixes dz and maps Fq{z) to 
itself. Now it follows from the commutative diagram of Corollary 1 that it 
is enough to show that x{i'')[dz\ = 0. Since by Lemma 4 the mapping torus 
Fq{z)^, is framed, the normal bundle ^{dz x 5*^; VF^,) is stably trivial. Since 
n is odd, the map G = S7in{S0{n)) ^ 7in{S0{n + 1)) — > Hn{SO{n + 2)) is 
a monomorphism (see |33j) and therefore the map 

/* : iiom{Hn{VF), G) — > Hom(if„(PF), 7r„,(50)) 

is a monomorphism too. Hence l*{x{'ip'))[dz] is the obstruction to triviality 
of the stable normal bundle uldz x S^; T>F^,) and since this bundle is trivial 

we have xH^lldz] = 0, as required. 

2) n = 3 (mod 8): Since ON = M^^+i - F^ Ur {OF x D^) and d{F x D^) = 
{OF X D'^) U (F X S^), we can paste together the manifolds N and F x D"^ 
along the common part of the boundary dF x (respecting orientations of 
course) to obtain a manifold (after smoothing the corner) 

^2n+2 IJ (^p^ ^2^ ^j^j^ dW = F^VJ{F X S^) ~ VF^ 

dFxD^ 

We use elementary obstruction theory to show that this W is stably paral- 
lelizable. Fix a frame field of the stable tangent bundle of C W. Obstruc- 
tions to the extension of this frame field over the whole manifold lie in the 
groups H^+\W,N;n,{SO)) ^ H'^+\F,dF;7T,{S0)) ^ H2n^,-i{F;Ti,{S0)). 
l{q^n — loTq^2n — l then H2n-q-i{F] Z) = (since F has the homotopy 
type of the wedge product of n-spheres). But ifg = r;, — lorg = 2n — 1 then 
Hg{SO) = because n = 3 (mod 8) and all obstructions lie in the trivial 
groups. It implies that 'DF^ is stable parallelizable and the Pontryagin class 
Pn+iiVF^) vanishes. Thus x('^) = (recall Lemma 2 of [in]) and hence 

XrU) =0. □ 

Now we can prove the following theorem of Stevens including the cases 
when n = 3, 7 (cf. jSO]; Theorem 7). 

Corollary 2. Let be the k-fold branched cyclic cover of a {2n + 1)- 
manifold M = F^Ur {OF x D"^) with simple open book decomposition, where 



17 



n is odd, ^ 1. Suppose Var(y9'^) = 0, then and M^^a are (orientation 
preserving) homeomorphic, while and M^-k, d > k, are orientation re- 
versing homeomorphic. 

Proof. Since Var((y9'^) = and bounds a parallelizable manifold (see 
Lemma 5 of jHO]) we have Xr{'^'^) = by the previous theorem. The exact 
sequence dU imphes that ip'^ is isotopic to a diffeomorphism which belongs 
to the image i(02n+i) and therefore F^d+k is diffeomorphic to F^k^T,' (cf. 
Lemma 1 of 0) for some S' G 02n+i- In particular, it means that F^d+u 
is homeomorphic (via some homeomorphism that preserves orientation) to 
F^k, and hence Md+k is homeomorphic to M^. To see the orientation re- 
versing case, notice that the mapping torus Fg is diffeomorphic to Fg~i via 
an orientation reversing diffeomorphism induced, for instance, by the map 
(x, t) I — > {g{x), 1 — t) from F X I to F X L This diffeomorphism extends 
to an orientation reversing homeomorphism of the corresponding open books 
M and M_i. Hence in our situation Mk = F^k Ur [OF x D"^) is homeomorphic 
(orient, revers.) to F^-k Ur {OF x D"^) which is homeomorphic (orient, pres.) 
to {dF X D^) ~ F^d-k Ur (dF x D^) = Md-k- □ 

Remark : If one defines Mk := F^k Ur {dF x D"^) for any A; G Z, then the 
first statement that Mk is homeomorphic to Mk+d remains true, and the 
restriction d > k m the second part can be omitted. 

To show diffeomorphism type periodicity we will basically use the same 
argument plus the fact that the homotopy sphere S' bounds a parallelizable 
manifold. We start with proving this fact. Thus for n G N, n > 2, we 
consider a diffeomorphism h with \h] G 7fo^Diff(-^; c^) such that our simple 
open book M^""''^ = Fh Ur {dF x D^) bounds a simply connected parallelizable 
manifold and Xr{h) = 0- In particular, we can assume that h G Im(t) is 
the identity except on a small closed disk ^ int(F) embedded into the 
interior of F. 

Lemma 5. The natural inclusions ii : F ^ Fh and 12 '■ Fh ^ M induce iso- 
morphisms iu : Hn{F) — >• Hn{Fh) and 12* : Hn{Fh) Hn{M) respectively, 
and every [z] G Hn{M) can he represented by an embedded sphere S"^ ^ M 
with trivial normal bundle i'{S'^;M). In addition, Hn{M) = Hn+i{M). 

Proof. That ii^ is an isomorphism follows immediately from the Wang exact 
sequence, and the other two isomorphisms follow from the exact sequence of 
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Stevens: 



Hn+i{M) OF) Hn{F) Hn{M) ^ 



which arises from the exact sequence of the pair (M, F) (see Proposition 1 
of ISOl)- Since the normal bundle of any S*" M is stable and M bounds a 
parallelizable manifold, the bundle //(S""; M) must be trivial. □ 



Now we would like to kill Hn{M) using surgery, and as a result obtain a 
homotopy sphere E/^ e 62n+i (we again assume n > 3). We will show firstly 
that S/i belongs to bP2n+2, and secondly that i(S/i) = [h]. Our construction 
will follow Kreck's construction of the isomorphism a : ker(x) — > 62n+i (see 
|TBj . proof of Proposition 3). 

For each generator [zt] G Hn{F) we fix an embedding (pi : S^xd^~^^ ^ Fx 
(0, 1)^ M disjoint from x (0, 1). Then we attach handles D'l^^ x to 
the product Mxl along these embeddings into Mx {1} to obtain a cobordism 
W between M = M x {0} and the homotopy sphere T^h which is the result 
of these 0j-surgeries on M. Furthermore, we can choose the embeddings 0j 
compatible with the framing of M that comes from the framing of (see 
Lemma 6.2 of J^), and hence we get as a framed manifold. Taking 
the union of and W along M we obtain a parallelizable manifold with 
boundary E/^, and hence E/i G hP2n+2- In the next lemma we show that E^ 
is well defined (depends only on the isotopy class of h) and that L{Tih) = [h], 
which implies [h] G i{hP2n+2) (cf. the properties of from (16j, pp. 655-656). 

Lemma 6. 



1. The manifold W is parallelizable, n-connected and dW = M U — E/^. 

2. The embedding C : M x {0} "-^ W induces an isomorphism 

£* : Hn+i{M) — > Hn+i(W) and all elements of Hn+i(W) can he 
represented by embedded spheres with trivial normal bundle. 

3. IfW is another n-connected manifold that also satisfies property 2 and 
dW' = M U -E for some E G 02n+i, then E ~ E,,. 

I LiHh) = [h] where l : Ban+i ^ ^o^DifT(F, 9). 
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Proof, n-connectivity follows immediately from {n — l)-connectivity of M 
and the Mayer- Vietoris exact sequence of the union 

W ■.= Mx [0, 1] |J(UiDf+i X d^^') 

Hence, by the Hurewicz theorem we can represent every [z] G Hn-\-i{W) by 
an embedded sphere S"'~^^ ^ W. The same exact sequence implies that the 
embedding C : M = M x {0} W induces isomorphism between Hn+i{M) 
and Hn+i{W) and to finish part 2 we just need to show that u{S^^^; W) is 
trivial. To see this, notice that every [z] G Hn+i{M) = Hn+i(W) can be 
represented by an embedded S'" x M (see the Lemma above) with 

trivial normal bundle in M x (0, 1). Since we can take the diffeomorphism h 
to be the identity on 1/(5"; F), it is not hard to see that there is an embedded 
^ ][f -vi^hich is cobordant to 5" x S"^ in M and hence framed cobordant 
in M X (0, 1) W. This proves 2. Suppose now we have W that satisfies 
property 3. Take a union of W and W along M to obtain a n-connected 
cobordism W between E and S/j. We will show that we can make it into 
an /i-cobordism. Mayer- Vietoris exact sequence implies that if„+i(W) = 
Hn+iiW) © HniM), and since Hn+iiW) = Hn+iiW, M) (Poincare duality 
plus Universal coefficient theorem) and also Hn+i(W,M) = Hn{M) we see 
that Hn+i(yV) has the direct summand Hn+iiW) with the properties: 

i) dim{H^+,{W)) = idim(i7„+i(>V)) 

ii) every homology class of Hn+i(W) can be represented by an embedded 
sphere S"""*"^ W with trivial normal bundle. 

iii) For all [^i], [Z2] G Hn+i(W) the intersection number Zi o Z2 vanishes 
(this follows from 2. of this lemma). Therefore we can use surgery to kill 
Hn+i{yV) and obtain an /i-cobordism between S and S^. The last property 
follows from 0, Lemma 1. Indeed, if S' = U/, /^^"^^ then by our 
definition i(S') = [h] G noVI)iS{F,d) and hence M ~ 9(F x D^)ifJ:'. Since 
d{F X D"^) is framed cobordant to the standard {2n + l)-sphere, we can use 
this cobordism (namely F x minus an embedded disk /}2n+2^ produce 
a n-connected cobordism between M and S' that will satisfy property 2. As 
we have just seen above this means that S' ~ E/^, i.e. t(S/j) = [h]. □ 

Let us denote the signature of a parallelizable manifold Nk with boundary 
dNk = Mk = F^k Ur {dF x D"^) by ak, and the generator of 6^2^+2 by S. 

Corollary 3. (cf. lEBj, Proposition 8) Let M^^+i = F^ U,. {dF x D"^) he 
the manifold with simple open hook decomposition where n is odd, 7^ 1 and 
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Mfc be the k-fold branched cyclic cover of M. //Var(y9'^) = then M^+rf is 
diffeomorphic to ' '^)H^^k- 

Proof. We have just seen above that M^+d — S'^^Mjt with S' = m ■ S G 
hP2n+2 for some m G N. Since = F^a U,. {dF x D"^) ^ d{F x D^)i^mi: and 
mE bounds a parallehzable manifold, say Wm, with signature a{Wm) = 8m 
and 5(F x D"^) bounds F x (which is also parallehzable) with signature 
zero, the connected sum of Wm and F x along the boundary (cf. §2 of 
|14j ) will give us a parallehzable manifold A^^ := Wm^j^F x with boundary 
dNd = Md and signature a{Nd) = (T{Wm) + (y{F x D'^) = 8m + 0. Thus 
m = = SA. ixiod (order of &P2n+2) and the coroUary follows. □ 

When n = even, the periodicity of is more complicated. Consider the 
link of the singularity Zq + zf + . . . + = with n = 2m and denote the 
(4m + l)-dimensional Kervaire sphere by S and the tangent ^"-sphere bundle 
to 5*"^^ by T. Then M^+g is diffeomorphic to and the diffeomorphism 
types are listed in the table (see ;8j. Proposition 6.1) 



Ml ~ Mr 


M2 


M3 ~ M5 


M4 


Me 


Ms 


^2n+l 


T 


S 


(5" X 5"+^)#S 


T#S 





The following result is due to Stevens ([30j, Theorem 9). 

Corollary 4. If for branched cyclic covers of a {2n + 1) -manifold M with 
simple open book decomposition Vai{(p'^) = 0, then Mk and Mk+2d o,re home- 
omorphic and Mk and M^+id o'^e diffeomorphic. Moreover, if n = 2 or 6, 
then Mk and Mk+d o'^e diffeomorphic. 



Proof. When n = 2 the mapping class group is trivial and [t/?'^] = Id. If n = 6 
then G = and 6P14 = (see I^, Lemma 7.2) which implies that [v?*^] = Id. 
For the other even n we know that the group G is isomorphic either to Z2 or 
Z2 © Z2 and hence Xri.^'^) has order two. Therefore v?^*^ G hP^rn+2i i-e. M^ is 
homeomorphic to Mk+2d, and since the group 6P4m+2 is either trivial or Z2 
(see [E]), v?^'^ must be pseudo-isotopic to the identity. □ 

Example 2: (The authors are indebted to the referee for suggesting this 
example.) Consider again the singularity Zq + zf + . . . + z'^ = with n = 2m. 
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Assume in addition that m 7^ (mod 4) and that the Kervaire sphere S G 
bPim+2 is exotic, e.g. when 4m + 2 7^ 2' — 2 (see PJ). Here the Milnor fiber F, 
is the tangent disc bundle to the sphere S*^"* and hence T>F ~ 5*^"^ x S"^^. It is 
also well known that the geometric monodromy ip of this singularity satisfies 
the properties: y?* = —Id, Var(y9^) = and Vai^ip) 7^ (cf. [12], Chapter 
3). Since Mq is not diffeomorphic to M2 and Mi is not diffeomorphic to M5, 
Xr([v5^]) will be a generator of Hom(if„(F, G) = Z2 and [cp^] will be a 
generator of bP^rn+2 = ^2- Since 64^+1 = hPim+2 © Coker(J4m+i) (cf. |4j) 
we see that in this case 7foV^Diff(F, 9) = Z4 © Coker(J4m+i) and the exact 
sequence (jH) doesn't split. 



3.2 Periodicity in dimension 3 

It is known that if the dimension of the open book M^""*"^ is three, then there 
is homological periodicity (see references in [8^) but there is no topological 
one. For the sake of completeness we illustrate this with the following classical 
example (cf. [2Zj, Chapter 10. D.). Let /(zo,-2i) = + z\ be the complex 
polynomial which defines the curve V = {f{zQ, zi) = 0} in with the cusp 
at the origin. The corresponding Milnor fibration has monodromy ip of order 
six, the boundary of the fiber F is the trefoil knot K and Var(9?^) = 0. This 
fibration gives the open book structure to the standard 3-sphere = Mi = 
F^U{Kx ^2). We show that M7 ^ Mi and Mq ^ Mq = (F x S^) U{Kx D^). 

Let us first compare 7ri(Mo) with 7ri(M6). The theorem of Seifert and 
Van Kampen entails that 7ri(Mo) = vri(F) which is the free group on two 
generators. As for Mg one can easily find using the Reidemeister-Schreier 
theorem a presentation for 7ri(F<^6) and then show that 7ri(M6) admits the 
following presentation: 



{Zi, Z2, . . . , Zq I Zi — ZqZ2, . . . , Zj — Zj^iZjj^i, . . . , Zq — Z^Zi) 



It takes a bit more effort to show that this group is isomorphic to the group 
of upper unitriangular 3x3 matrices with integer coefficients (cf. [21], §8) 



7^ = { 1 6 |a,6,c G Z} 
\0 1/ 
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Suppose now that M7 were homeomorphic to the sphere. Then we could 
take the union of and D*^ (recall that A^7 is the cyclic covering of 
branched along the fiber (F, K) ^ {D^, 5*^) where F fl 5^ = K): 

Since A^7 is parallelizable (see 0, Theorem 5 or ^21, Chapter XII), 
would be a closed spin-manifold. Hence its signature aiVV^) = <7{Nj) must 
be a multiple of 16 by the theorem of Rokhlin j2ni- But alN^) = —8 as 
one can find using the Seifert pairing on Hi{F) (cf. 0; [12]), and hence 
M7 7^ Ml. Actually much more is known. Milnor in [21] proved that TTi{Mr) 
is isomorphic to the commutator subgroup [F, F] of the centrally extended 
triangle group F which has a presentation 

r = (71, 72, 73 1 ii = 72 = 73 = 71 ■ 72 ■ 73) 

This group F is infinite when r > 6 (see [21J, §2,3) and hence [F, F], that has 
index r — 6, is infinite too. In particular, none of the cyclic coverings of 
branched along the trefoil knot can be simply connected. 
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